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ABSTRACT: We consider a melt of diblock copolymers consisting of a linear A block connected to a
regularly branched B block. A simple “Alexander-de Gennes”-type calculation of the free energy for
lamellar, cylindrical, and spherical microphases in strong segregation reveals large shifts in the phase
boundaries as a function of the number of generations of the branched block and the functionality of the
branch points. Modifying the calculation for the case of just two generations in the branched block, we
find that a significant fraction of the second-generation branches fold back to lower the free energy. This
is consistent with recent dendrimer theory, which also predicts that branches fold back toward the center.
Nevertheless, controlled introduction of branching into copolymer blocks can evidently be quite effective
in shifting phase boundaries and thereby influencing mesoscale morphology.

I. Introduction
Block copolymer systems are extremely versatile in

that variations of composition, architecture, and choice
of monomers can lead to dramatic changes in self-
assembly at the mesoscale and, consequently, in proper-
ties.2 For example, commercial materials based on
blocks of polystyrene and polybutadiene have properties
that vary from high modulus, tough thermoplastics to
soft, highly extensible thermoplastic elastomers.3 To
design block copolymers for specific applications it is
necessary to have in hand two types of fundamental or
empirical knowledge. The first is the relationship
between the chemical composition and molecular archi-
tecture of the copolymer and its self-assembly behavior.
Second, one must establish the relationship between the
various copolymer mesophases and the properties that
are critical to the application. For example, toughness
and high modulus are simultaneously achieved in
certain grades of the styrenic block copolymers mar-
keted by Phillips (K-Resins).4 The high modulus derives
from their high styrene content, while toughness can
be attributed to their unique mesophase morphology.
Phillips utilizes a complex radial architecture to achieve
these key properties, which would be difficult or impos-
sible to reproduce with a simple diblock or triblock
architecture. The present paper is a contribution to the
first body of knowledgesspecifically, we explore theo-
retically the effect of introducing multiple branching
into a copolymer block on the location of phase bound-
aries between lamellar, cylindrical, and spherical mes-
ophases.

Theoretical advances over the past three decades have
greatly improved our understanding of the connection
between copolymer architecture (and composition) and
self-assembly behavior in the melt state. Already in the
work of Helfand in the late 1970s,5 the relationship
between block copolymer composition and the thermo-
dynamic stability of the lamellar, cylindrical, and
spherical mesophases was firmly established. In the
1980s, Leibler,6 Semenov7 and others further developed

the analytical machinery to do such calculations. Mat-
sen and Schick’s work of the 1990s was a significant
advance on the numerical analysis side, which greatly
facilitated the exploration of phase diagrams for a
variety of new block copolymer architectures and com-
plex mesophases.8

Diblock copolymers with similarly shaped monomers
and simple interactions (described by a composition-
independent Flory ø parameter) are well-known to have
a phase diagram that is symmetric in the composition
variable φ (the volume fraction of the B block). This
symmetry can be weakly broken (i.e. phase boundaries
shifted) by changing one statistical segment length
relative to the other or by switching to a triblock
architecture.9 Calculations for (AB)n starblock copoly-
mers have also demonstrated modest compositional
shifts of phase boundaries for practical values of the
number of starblock arms, n.10

Much more substantial shifts of phase boundaries
were predicted by Milner11 for AnBm copolymers (n *
m), where n A blocks and m B blocks are connected at
a central junction point. This includes the important
case of a simple A2B graft (or “Y”) copolymer. By forcing
unequal numbers of A and B blocks to emerge from the
junction points localized at A-B interfaces, the resulting
imbalance of chain elasticity in such copolymer melts
drives strong interfacial curvature and produces large
phase boundary shifts from the symmetric diblock phase
diagram. Milner’s predictions have been largely con-
firmed by experimental investigations.12

A disadvantage of the AnBm architecture is that it is
more difficult to synthesize with precise control over
arm number (particularly on commercial scales) than
the more familiar (AB)n starblock architecture. An
alternative architecture that might also lead to strongly
asymmetric phase diagrams would be an AB diblock (or
BAB triblock) copolymer with a linear A block and a
multiply branched (but flexible) B block(s). Such materi-
als might be prepared in styrenic copolymers by intro-
ducing a small amount of a multifunctional monomer
into a typical anionic polymerization recipe. Similar
architectures involving a rigid dendrimer B block and
a flexible A block have recently been synthesized,13 but
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we restrict attention in the present paper to “lightly”
branched B blocks that retain considerable conforma-
tional freedom.

While a practical implementation of the architecture
just described would likely involve randomly branched
B blocks, we base our theoretical analysis in the present
paper on a model of regularly branched B blocks
depicted in Figure 1. This allows us to estimate the
magnitude of phase boundary shifts to be expected in
multiply branched block copolymer systems without
having to deal with the complexities of the quenched
disorder inherent in randomly branched materials. Our
analysis is a type of strong segregation theory, which
is most accurate for highly incompatible A and B blocks,
at low temperature and at high molecular weight. The
free energy in such a regime is dominated by chain
elasticity and the interfacial energy of A-B monomer
contacts across narrow interfaces between micro-
domains. Under these conditions we expect the chains
to be highly stretched away from the AB interface. To
calculate the stretching free energy it is convenient to
make some assumptions about the chain conformations.
The simplest assumption for linear polymers, corre-
sponding to an “Alexander-de Gennes”-type model of
the polymer brushes formed by the two blocks,14,15 is
that the distribution of free ends is a delta function at
the edge of the brushes (e.g. for the lamellar phase, one
assumes that all the free ends lie on the same plane).
This approximation leads to an overestimate of the free
energy; self-consistent field theories show that instead
the free ends are distributed over a layer of finite
thickness in the brush, depending on the geometry.7,16,17

Because of the increasing density in increasing genera-
tions of the branched block, the Alexander-de Gennes
model for the stretching energy probably leads to a
larger error than in the case of linear chains. However,
since we are interested in the qualitative effects of the
branched block, we will use the simplest possible
approximations. We first assume that all the chains
stretch radially outward away from the AB interface.
For the lamellar phase, we assume that all the branch
points in the B block lie on the same plane in each
generation, as illustrated in Figure 2, with the free ends
of the A blocks also on a single plane. Since we expect

that at most volume fractions the branched block would
prefer to be on the convex side of interfaces, we calculate
only that side of the phase diagram. Thus, for the
cylindrical and spherical micelles we take the branch
points to all lie on the same shell around the origin in
each generation, as shown in Figure 3, but we will use
Semenov’s7 self-consistent calculation of the stretching
energy for the A blocks in these two cases since clearly
not all the A free ends can be at the centers of the
micelles.

One can see from Figure 1 that as the number of
generations increases, the branched block will pay
increasingly large stretching energy costs if all the
branches stretch radially away from the A-B interface.
A similar problem arises in the case of dendrimers.
Recently there has been some controversy in the litera-
ture about whether the branches in starburst dendrim-
ers with flexible spacers extend radially outward to the
surface or whether some of the branches fold back. An
analytical calculation by de Gennes and Hervet18 im-
plicitly assumed that all the terminal ends were on the
outside of the molecule, so that the density was minimal
at the core and increased to the outer edge. In contrast,
various computer simulations found that the terminal
ends were distributed throughout the molecule, imply-
ing that some of the branches fold back.19-21 A recent
self-consistent mean field model22 also found that the
chains fold back so that the free ends are distributed
throughout the molecule, in agreement with the simula-
tions.

Below we will consider a simple approximation to
explore the effects in our block copolymers of branches
folding back toward the AB interface. This approxima-
tion is a first step toward having a distribution of free
ends in the brush, without performing a full-fledged
mean-field calculation. We find that, as appears to be
the case for dendrimers, the free energy is indeed lower
if some of the branches fold back.

II. Theory and Results

We consider diblock copolymers that consist of a
linear A block, with degree of polymerization NA,
connected to a branched B block with degree of polym-
erization NB, and with NA + NB ) N. The branched
block contains ν generations and has â branches per
branch point. For generality we take the branches in
the ith generation (see Figure 2) to have length Ni, so
the fractional degree of polymerization of each branch
is ni ≡ Ni/NB. We must then have

Figure 1. Diblock consisting of a linear A block and regularly
branched B block, with ν ) 4 generations and â ) 2 branches
per branch point.

Figure 2. Lamellar phase with step-function profiles. Gen-
erations in the branched block are numbered from i ) 0 to i )
ν - 1 (only two generations shown here).

Figure 3. Cylindrical or spherical micelle, with the branch
points in each generation lying at the same radial distance
from the origin.
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We use a system of units in which the volume of a
monomer is equal to 1, so the volume fraction of the
branched blocks is simply φ ) NB/N, and by incompress-
ibility, NA/N ) 1 - φ.

We are interested in how the branched architecture
affects the boundaries between the various mesophases.
We perform calculations in the strong segregation limit
in which the A and B blocks are strongly incompatible,
so that the interfaces between A and B are sharp and
the copolymers are highly stretched away from the
interface. The length scale for a given morphology is
determined by the competition between the interfacial
energy and the stretching energy of the chains. For the
cylindrical and spherical mesophases we calculate the
free energy of a cylindrical and spherical micelle,
respectively, so that we are assuming that the me-
sophase has a “round” unit cell. Since cylinders and
spheres cannot pack to fill space, this approximation
leads to an underestimate of the free energy and
consequently to small shifts in the phase diagram.23,24

In the strong segregation limit these shifts are negligible
compared to the effects of the branched block.

First consider the lamellar geometry. Since we are
assuming that all the branch points lie on the same
plane in each generation, the height of each generation
i is determined by the requirement that the chains fill
space

where σ is the number of chains per unit area at the
A-B interface and we note that there are âi branches
in the ith generation (also recall that the volume of a
monomer is 1). Each branch pays an entropic energy
cost for being stretched to the height hi, fi/kBT ) 3hi

2/
2Nib2, where b is the statistical segment length. The
stretching energy per B block in units of kBT is then
the sum of the stretching energies of the branches in
each generation, summed over all generations:

Similarly, the stretching energy per chain for the A
blocks is simply

where for simplicity we assume the A and B chains have
the same statistical segment lengths. In strong segrega-
tion the interfacial energy per chain can be written as
fint ) γ/σ, where γ is the A-B surface tension. The total
free energy per chain in terms of the volume fraction φ
of B and the total degree of polymerization N is then

Minimizing eq 5 with respect to σ, we find that the
equilibrium free energy for the lamellar phase is

Next consider the cylindrical phase. The chains are
no longer uniformly stretched due to the geometry. The
volume (per unit length) of the shell bounded by radius
r in the ith generation and the radius Ri-1 of the
previous generation must be filled with monomers from
the âi branches, up to the segment n located at r

where R is the radius of the core of the cylindrical
micelle, at the A-B interface. Similarly, the number of
chains per unit area σ is fixed by the constraint that
the A chains in the core of the micelle must fill space,
so that πR2 ) 2πRσNA, which gives σ ) R/2NA. Dif-
ferentiating eq 7 gives the rate of stretching per chain,
dr/dn ) Rσâi/r, so the stretching energy per B block of
the ith layer is

where in the final line we have replaced σ with R/2NA.
The radius of the ith generation is also given by eq 7

with R0 ) R(N0/NA + 1)1/2 so that

Substituting into eq 8 and summing over all genera-
tions, we find the total free energy of the B block outside
the cylinder is

The free energy of the A blocks in the core of the
micelle has been calculated by Semenov,7 and in our
notation is

Finally the surface energy per chain is

∑
i)0

ν-1

âini ) 1 (1)

hi ) âiσNi i ) 0, 1, ... (2)

fB ) ∑
i)0

ν-1

âi
3hi

2

2Nib
2

) ∑
i)0

ν-1 3â3iσ2Ni

2b2
(3)

fA )
3hA

2

2NAb2
)

3σ2NA

2b2
(4)

f )
γ

σ
+

3σ2N(1 - φ)

2b2
+ ∑

i)0

ν-1 3â3iσ2niNφ

2b2
(5)

f lam
/ )

3

2
γ2/3(3N

b2 )1/3(1 - φ + φ ∑
i)0

ν-1

â3ini)1/3 (6)

π(r2 - Ri-1
2) ) 2πRσâin (7)

fB,i ) 3âi

2b2∫Ri-1

Ri dr dr
dn

) 3âi

2b2∫Ri-1

Ri dr Rσâi

Ri-1
) 3R2â2i

4b2NA

ln
Ri

Ri-1
(8)

Ri
2 )

R2Niâ
i

NA
+ Ri-1

2 (9)

Ri ) R [∑
j)0

i âjnjφ

1 - φ
+ 1]1/2

(10)

fB ) ∑
i)0

ν-1 3R2â2i

4b2N(1 - φ)
ln[(φ∑j)0

i

âjnj + 1 - φ)1/2

(φ∑j)0

i-1

âjnj + 1 - φ)1/2] (11)

fA ) π2R2

16b2N(1 - φ)
(12)

fs ) 2πRγ
2πRσ

)
2NAγ

R
(13)
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Adding the contributions to the total free energy from
eqs 11-13 and minimizing with respect to the size of
the micelle R, we find that the minimized free energy
per chain is

The calculation for a spherical micelle is very similar
to the one above for cylinders. The density constraint
for a shell between radius r in the ith generation and
the radius Ri-1 of the previous generation is now

Inside the micelle, the incompressibility of the A
chains requires that 4πR3/3 ) 4πR2σNA, so that σ )
R/3NA. The stretching energy per B block in the ith
layer, using dr/dn from eq 15, is

The radius of the ith generation is now

so the total stretching energy per chain of the B blocks
outside the spherical micelle is

From Semenov, the free energy per chain of the A
blocks inside the spherical micelle is

and the surface energy per chain is fs ) 3NAγ/R.
Minimizing the total free energy f ) fB + fA + fs with
respect to R gives

We can now calculate the phase boundaries between
the lamellar, cylindrical, and spherical mesophases from
the equilibrium free energies in eqs 6, 14, and 20. So
far we have not specified the lengths of the branches ni
in the B block. For illustrative purposes we now take
all the branches to have the same length, ni ) n, which
to satisfy eq 1 means

Figure 4 shows the phase boundaries as a function of
the number of generations, ν, for different values of â,
the number of branches per branch point. Note that the
lines are simply a guide to the eye, since ν can only take
on integer values. The results for ν ) 1 correspond to
linear, diblock copolymers. In this case our free energies
for the cylindrical and spherical mesophases are the
same as Semenov’s,7 although our lamellar free energy
f lam
/ for ν ) 1 is larger since we assume a step function

rather than a parabolic density profile. Thus the phase
boundary in Figure 4 between the cylindrical and
spherical mesophases for the diblock is the same as
Semenov’s, but the boundary between the lamellar and
cylindrical phases is shifted to φlc ) 0.616 compared
with φlc ) 0.72 due to the overestimate of f lam

/ . In any
case we see that the phase boundaries are significantly
shifted toward lower volume fractions of B as the
number of generations and/or the functionality of the
branch points increases.

So far we have assumed that all the branches of the
B blocks stretch radially away from the A-B interface.
As discussed in the Introduction, one might expect that

f cyl
/ )

3

2(N(1 - φ)

b2 )1/3

×

(2γ)2/3[π2

8
+

3

4
∑
i)0

ν-1

â2i ln(φ ∑
j)0

i

âjnj + 1 - φ

φ ∑
j)0

i-1

âjnj + 1 - φ)]1/3

(14)

4
3

π (r3 - Ri-1
3) ) 4πR2σâin (15)

fB,i ) 3âi

2b2∫Ri-1

Ri dr R2σâi

r2
) R3â2i

2b2NA
( 1
Ri-1

- 1
Ri

) (16)

Ri ) R (∑
j)0

i âjnjφ

1 - φ
+ 1)1/3

(17)

fB )

∑
i)0

ν-1 R2â2i

2b2N(1 - φ) [ 1

(∑
j)0

i-1 âjnjφ

1-φ
+ 1)1/3

-
1

(∑
j)0

i âjnjφ

1-φ
+ 1)1/3]

(18)

fA ) 3π2R2

80b2NA

(19)

Figure 4. Each pair of symbols at a given generation number
ν marks the phase boundaries between the spherical and
cylindrical, and the cylindrical and lamellar phases, for
different values of the number of branches â per branch point
as indicated. Note that the lines are simply guides to the eye.

f sph
/ )

3

2
γ2/3(9N

b2 )1/3{3π2

40
(1 - φ) + ∑

i)0

ν-1

â2i(1 - φ)4/3 ×

[ 1

(φ ∑
j)0

i-1

âjnj + 1 - φ)1/3

-
1

(φ ∑
j)0

i

âjnj + 1 - φ)1/3]}1/3

(20)

n ) â - 1
âν - 1

(21)
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instead some of the branches would fold back toward
the interface to lower their stretching energy. For blocks
with only two generations, a simple way to incorporate
into our calculations the possibility of branches folding
back toward the interface is to allow a fraction of the
second-generation branches to fold back from the plane
of the branch points, as shown for the lamellar case in
Figure 5. In the following we assume that all the
branches have the same fractional length, n, which for
two generations is n ) 1/(1 + â).

Suppose that a fraction p of the second-generation
branches fold back toward the interface, so that there
are 1 + pâ branches in the first layer and (1 - p)â
branches in the second layer. Then for the lamellar
geometry, to maintain a constant density the heights
of the first and second layers must be

Substituting into eq 3 for the stretching energy of the
B block and minimizing with respect to p, we find that
the free energy of the branched block is lower when a
fraction

fold back. This result is intuitively quite reasonable. For
example, for â ) 2, for which we have two branches in
the second generation for every chain in the first
generation, p ) 1/4. Since all the branches are the same
length, when p ) 1/4 so that one out of every four second-
generation branches folds back, the two layers will have
the same height and thus all branches will stretch the
same amount; in this case there are three branches in
each layer for every two chains.

We can similarly calculate the fraction that fold back
for both cylindrical and spherical micelles following the
results obtained above previously, although the expres-
sions are more complicated. The stretching energy of
the B blocks outside the cylindrical micelle correspond-
ing to eq 11 is

while the stretching energy of the B blocks outside the
spherical micelle corresponding to eq 18 is

Here

where d ) 2 for the cylinders and d ) 3 for the spheres.
Minimizing fB in each case with respect to p, we find
that for both cylinders and spheres p is a function of
the volume fraction φ and must be found numerically.
Figure 6 shows p(φ) for three values of â. Minimizing
the total free energies with respect to R as before then
gives the equilibrium free energies with p(φ) chains
folded back from the second generation.

Table 1 shows the phase boundaries for the lamellar
to cylindrical, φlc, and cylindrical to spherical, φcs,
mesophases of two-generation branched blocks, for
stretched blocks (as in Figure 4) and for blocks with
folded-back branches. Because the free energy is lower
when the chains fold back, the phase diagram is less
skewed for this case. The final two columns of Table 1
give the phase boundaries for star polymers with one A
leg and â B legs, the architecture discussed by Milner
in ref 11. However, for a consistent comparison with our
results on the branched architecture we list the phase
boundaries for the star polymers as given by an “Alex-
ander-de Gennes” calculation with step-function den-
sity profiles, rather than Milner’s results, which were
for the more accurate parabolic profiles. Clearly a star
polymer of this sort is more effective at shifting the
phase boundaries toward lower volume fractions of B
than is a 2-generation linear-branched block copolymer.
Nevertheless, the linear-branched architecture is still
fairly effective at shifting the phase boundaries signif-
icantly compared to the symmetric diblock phase dia-

Figure 5. Cartoon of branches folding back toward the A-B
interface.

h0 ) (1 + pâ)σ N/(1 + â)

h1 ) (1 - p)âσ N/(1 + â) (22)

p ) â - 1
2â

(23)

fB )
3R2(1 + pâ)2

4b2N(1 - φ)
ln(r0/R) +

3R2â2(1 - p)2

4b2N(1 - φ)
ln(r1/r0)

(24)

Figure 6. Fraction p as a function of B volume fraction φ of
branches that fold back in the second generation of the
cylindrical (dashed curves) and spherical (solid curves) mes-
ophases, for different functionalities of branch points.

Table 1. Phase Boundaries for ν ) 2

stretched folded stars

φlc φcs φlc φcs φlc φcs

â ) 2 0.437 0.605 0.487 0.722 0.405 0.625
â ) 3 0.315 0.469 0.403 0.612 0.300 0.474
â ) 4 0.245 0.380 0.344 0.474 0.237 0.380

fB )
R3(1 + pâ)2

2b2N(1 - φ)(1
R

- 1
r0

) +
R3â2(1 - p)2

2b2N(1 - φ)(1
r0

- 1
r1

)
(25)

r0 ) R ( φ

(1 + â)(1 - φ)
(1 + pâ) + 1)1/d

r1 ) R ( φ

(1 - φ)
+ 1)1/d
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gram. Also, even with chains folding back, we would
expect the linear-branched block at the third generation
to shift the phase boundaries to lower volume fractions
than the star polymers.

In summary, our calculations predict the effects on
the phase diagram of linear-branched diblock copoly-
mers of adjusting the functionality of the branch points,
the number of generations, and the lengths of the
branches in each generation. The results are not quan-
titatively accurate due to the simplifying approxima-
tions used, but they could provide a guide toward the
design of these sorts of copolymers to produce a desired
phase diagram. We also found in a simple way that in
a flexible, regularly branched structure, the branches
will not stretch radially away from the first generation
but instead some will fold back to lower the free energy.
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